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(1) (15 marks) Let w = f(u, v), where

u =
y − x

xy
and v =

z − y

yz
,

for all x, y, z 6= 0. Compute

x2∂w

∂x
+ y2

∂w

∂y
+ z2

∂w

∂z
.

(2) (15 marks) Consider the function f : R2 → R defined by

f(x, y) =

xy x2−y2
x2+y2

if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0).

Indicate whether the following identity is right or wrong, and justify your answer:

fxy(0, 0) = fyx(0, 0).

(3) (15 marks) Let f : Rn → R be a differentiable function. If f(0) = 0, then prove that

there exist functions gi : Rn → R, i = 1, . . . , n, such that

f(x) =
n∑

i=1

xigi(x).

(4) (15 marks) Consider the function F : R3 → R defined by

F (x, y, z) = x + yz2 + ez.

Prove that there exists a differentiable function f defined in a neighborhood of (−1, 1)

such that

f(−1, 1) = 0,

and

F (x, y, f(x, y)) = 0.

Also, compute ∂f
∂x

and ∂f
∂y

at (−1, 1).

(5) (15 marks) Suppose that the equation F (x, y, z) = 0 can be solved for each of the

variables as a differentiable function of the other two. Indicate whether the following

identity is right or wrong, and justify your answer:

∂x

∂y

∂y

∂z

∂z

∂x
= 1.

(6) (15 marks) Let f : On → Rn be a C1-function. Assume that f ′(x) is invertible for all

x ∈ On. Prove that f is an open map.

(7) (20 marks) Let f : Rn → R be a nonlinear homogeneous function of degree one.

Assume that

f(0) = 0.

Prove that f is not differentiable.
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